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Abstract

We present a self-contained proof that the effective four-dimensional theory derived from the 3D+3D
framework — a six-dimensional spacetime with signature (—,+,+,+,—,—) and two temporal dimensions
compactified on a flat torus T? — constitutes a mathematically well-posed dynamical system. The classical
criticism against multiple time dimensions (ill-posed Cauchy problem, ghost instabilities, tachyonic modes,
runaway solutions) is systematically addressed and defeated through five independent arguments: (1) the
compactified temporal dimensions are not free evolution times but internal coordinates whose dynamics reduce
to a discrete Kaluza-Klein spectrum with M? {n»,ns} > 0; (2) the linearized 4D effective equations form a
symmetric hyperbolic system admitting a well-posed initial value problem; (3) the constraint equations
propagate consistently via the contracted Bianchi identity; (4) the energy functional in the physical sector is
positive-definite, providing the required energy estimate; (5) no ghost states survive in the physical Hilbert
space after compactification. These results consolidate material from Papers VII, X, XI, XXII, XL, and the
Stability Analysis into a single referee-proof document. The theory passes the most stringent mathematical test

applicable to multi-time theories.
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1. Introduction: The Multi-Time Criticism

1.1 The Classical Objection

Theories with multiple time dimensions face a well-known objection from the theory of partial differential

equations (PDEs). Given a system with coordinates (t, T2, T3, x1), an ultra-hyperbolic wave equation of the form
0? o? 0?
<_—_—_—2+v2 3 — (1.1)
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admits an ill-posed initial value problem in the sense of Hadamard [1]: solutions may not depend continuously
on initial data, uniqueness may fail, and arbitrarily rapid growth of high-frequency modes can occur. This was
established by Craig and Weinstein [2] for general ultra-hyperbolic equations in flat space.

1.2 Why This Objection Does Not Apply

The 3D+3D framework evades this criticism entirely because:
I The compactified temporal dimensions (12, T3) are not free evolution times.

They are periodic internal coordinates on a flat torus T?> = S'(R2) x S'(Rs), with fixed radii R» = L»/27 and Rs =
Ls/2m. The Cauchy problem is formulated exclusively on the observable time t, with 12, Ts contributing only
through a discrete mass spectrum. This transforms the ultra-hyperbolic equation (1.1) into a countable collection
of standard hyperbolic equations in 4D.

1.3 Scope and Strategy

This paper proves well-posedness through five independent lines of argument, each sufficient on its own:



Section Argument ‘What It Proves

§2 KK reduction eliminates free t-evolution M2 >0, no tachyons

§3 4D system is symmetric hyperbolic Well-posed Cauchy problem

§4 Constraints propagate Consistency of gauge fixing

§S Energy estimate is positive Continuous dependence on data
§6 Ghost Projection Theorem Unitarity of quantum theory

All results use only material already established in the 3D+3D framework [3—12].

2. Kaluza-Klein Reduction: 12, Ts as Internal Coordinates

2.1 The 6D Setup

The six-dimensional metric with signature (—,+,+,+,—,—) is:
ds§ = g () da'da” + Yy (1) dr"dr" (2.1)

where 1, v =0,1,2,3 label observable spacetime and m, n € {2, 3} label the compact sector. The internal metric

is:
Ymn = diag(—R3, —R3) (2.2)

with the minus signs reflecting the temporal signature of the internal dimensions.

Topology: The internal space is T? = S!(Rz2) x S!(Rs), with periodic identification:

Tm ™~ Tm +2m, m=2,3 (2.3)

2.2 Mode Expansion

Any field ®(x"p, 12, 3) on Ma x T? admits a Fourier decomposition:

B2, 7o T3) = D B (@) €T (2.4)

n9,n3EL
The periodicity condition (2.3) quantizes the compact momenta:

ngh ’I‘L3h
™ T 5 s T 5 ’ €L 2.5
=g Pn =1 ng2, M3 (2.5)

This is the crucial point: 12, T; do not admit arbitrary initial data. Their contribution to the dynamics is entirely
captured by the discrete mode numbers (n2, n3). No Cauchy problem in 12, 13 is posed or needed.

2.3 The 6D Wave Equation and Its 4D Reduction

The 6D Klein-Gordon equation 0s® = 0 with our metric reads:
(O + Y™ 80n0n) & = 0 (2.6)
Since y*{mn} = diag(—1/R-?, —1/Rs?), the compact derivatives act as:

mn i(nam+n3T3) 1 2 1 2 n% ng
Y™ O On € = —F%(—nz) - R—g(—ng,) = +}T§ + 72 (2.7

Sign analysis (critical): The double negative — from the (—,—) signature and the (—n?) from the second

derivative — produces a pesitive contribution. Substituting into (2.6):

ny

2 2
O + + E ¢n n (wﬂ) =0 (28)
R% Rg 2,13



This is a standard 4D Klein-Gordon equation with effective mass:

K2 (n2 n2
M2 == —2+—3>>0 (2.9)
2,73 c2 R% R§

Theorem 2.1 (Positivity of KK masses). For temporal compactification with signature (—,—), all Kaluza-Klein

masses satisfy M?_{nxns} > 0, with equality only for the zero mode n: = ns = 0.

Proof. M?_{n2,ns} is a sum of squares multiplied by positive constants (%#*c?> 0, R>2 > 0, Rs > 0). Therefore
M2>0, withM2=0iffna=n3=0.0

2.4 Contrast with Spacelike Compactification

For extra dimensions with signature (+,+), the KK mass formula would read:

hZ

n2 n2
Mszaceie:__ <_2+_3> <0 (210)

This produces tachyonic modes (M? < 0), signaling vacuum instability. The temporal signature (—,—) is not

merely a choice but a requirement for a healthy mass spectrum.

2.5 Dispersion Relation

The 4D energy-momentum relation for mode (n2, ns) is the standard relativistic dispersion:

B = p*e* + M2, of (211)
Group velocity:
0E  |p|c® M2cA
V) = — = = 1-— c 2.12
ol T B VTR T (242

for all massive modes (M > 0). The zero mode propagates at exactly c. No superluminal propagation exists.

2.6 Numerical Mass Spectrum

Using canonical parameters R2 = L»/(21) = 4.75 ly, Rs = Ls/(2m) = 3.00 ly:

Mode (nz, n3) M? [eV?/cd] M [eV/e?] Physical identification
(0, 0) 0 0 Zero mode (massless)
(1,0) 4.84 x 10 220 x 107 Q: field

0, 1) 1.21 x 10 3.48 x 1072 Qs field

(1, 1) 1.70 x 10747 4.12 x 1072 Mixed mode

(2,0) 1.94 x 1074 4.40 x 107 Higher KK mode

All masses real, positive, ultralight. The KK tower is entirely healthy.

3. Symmetric Hyperbolicity of the 4D Effective System

3.1 The Effective 4D Field Content

After KK reduction, the physical 4D degrees of freedom are:



Field Symbol DOF Origin

4D graviton h_pv 2 6D metric (zero mode)
Q-field 1 Qz(x) 1 KK mode (1,0)
Q-field 2 Qi(x) 1 KK mode (0,1)
Radion 1 @a(x) 1 Internal modulus La
Radion 2 0s(x) 1 Internal modulus Ls
Graviphotons A_pr3) 4 Off-diagonal metric

3.2 The Effective Action

The 4D effective action after compactification is [Paper 111, Paper XVIII]:

1

M2 1 1 1
Seff = /d4$ —94 [TPIR4 - 5(3Q2)2 - EmgQé - 5(3623)2 - §m§Q§ — V (¢4, d503 Lint

where:

e Ry is the 4D Ricci scalar
e m=1/R:>0mi=1/R2>0
. V(¢4, ¢5) is the moduli potential with positive-definite Hessian (Paper VIII, Stability Analysis §6)

o Lyt contains Q-matter coupling and self-interactions

Key observation: Every kinetic term has the canonical sign. There are no wrong-sign kinetic terms (ghosts) in
the 4D action.

3.3 Linearized Equations
Linearize around the background: g, = My + Ay, Q1 = Q1 +6Q5, ¢g = &a + 6.
The linearized field equations are:

Graviton sector (de Donder gauge (9“7_1W =0, i_tu,, =hy — %T/Wh):

Oy by, = —Mi% 6T, (3.2)
Scalar sector (Q-fields):
046Qr — m36Qr = Ji(z) (3.3)
Moduli sector:
046 — M2, 5, = 0 (3.4)

ai

where M? b= oV / 6¢a6¢b| é is the moduli mass matrix with positive eigenvalues (Paper VIII).

3.4 First-Order Symmetric Hyperbolic Form

Define the state vector:

U = (hu, Oihyuw, 6Q1, 8,6Q1, 8¢, 0:5¢a)" (3.5)

The system (3.2)—(3.4) can be written in first-order form:

A9, U + A'9,U = F(U) (3.6)
where the principal part matrices are:
A’ = diag( LI ,1,1,1,1,1,1,1,1) (3.7)
N ——— N —

graviton Q-fields moduli



Ai = blOCk'dia‘g( A;rav ’ Aécalar’ A:nod) (38)
graviton Q-fields moduli

Each block has the standard wave equation structure. For a single scalar field with canonical kinetic term, the

first-order system is:

o (51%2 ) * <—Oai _5:')]' aj) (5&2 ) - (—m%OQ + J> (3.9)

where I = 9,6Q.

Theorem 3.1 (Symmetric Hyperbolicity). The linearized 4D effective system (3.6) is symmetric hyperbolic in
the sense of Friedrichs [13]. Specifically:

*(3) Alis symmetric and positive definite.*

*(ii) A are symmetric forall § = 1,2, 3.

*(iii) The lower-order terms F'(U) are at most linear in U.*
Proof.

) A'=1 (identity matrix) by construction in the canonical normalization. This is symmetric and positive
definite. v/

(ii) Each spatial block Aiector is the standard first-order reduction of the wave operator, which is symmetric.

For the graviton in de Donder gauge, this was established by Fischer and Marsden [14]. For massive Klein-
Gordon fields, this is textbook [15]. v/

(iii) The mass terms, source terms, and coupling terms are all algebraic (no derivatives of U) or contain at most

first derivatives already included in U. v

By the Friedrichs theorem [13], the Cauchy problem for (3.6) with initial data U(O, J:l) = Uy (;I:Z) S
H?® (R3) (8 > 2) has a unique solution U € C([0,T]; H*) N Cl([O, T}; Hs_l) that depends
continuously on the initial data. o
3.5 What This Means
The linearized 4D theory satisfies all three Hadamard conditions:

1. Existence of solutions v (Friedrichs theorem)

2. Uniqueness of solutions v’ (symmetric hyperbolicity)

3. Continuous dependence on initial data v (energy estimate, see §5)

The 4D effective theory is well-posed.

4. Constraint Propagation

4.1 The Constraint Equations

In the gravitational sector, the linearized Einstein equations include four constraint equations (the Gopt

components):

—o_ 1 o
P1
These are the Hamiltonian constraint (4 = 0) and momentum constraints ({t = ).

In the gauge sector, the de Donder condition provides four gauge constraints:
G.=08"hu =0 (4.2)

4.2 Propagation Theorem

**Theorem 4.1 (Constraint Propagation).** *If the constraint equations CM = 0 and gauge conditions gu =0
are satisfied on the initial data surface 39 = {¢ = 0}, then they are satisfied for all ¢ > 0 under the
evolution equations (3.2)—(3.4).*

Proof.



Step 1: Bianchi identity. The contracted Bianchi identity holds identically:
V*Gy =0 (4.3)

This is a geometric identity, independent of the field equations.

Step 2: Conservation. From the field equations G,“, = KTW, the Bianchi identity implies:
VHT, =0 (4.4)
Step 3: Constraint evolution. Taking the time derivative of Cﬂ and using (4.3)—(4.4):

9,Co = —9,C' + (terms proportional to C,,) (4.5)

0,C; = —0;Cy + (terms proportional to C,) (4.6)

This is itself a symmetric hyperbolic system for CH with trivial solution C,u =0 ifCﬂ |t:0 =0.

Step 4: Gauge propagation. Similarly, the de Donder gauge condition propagates:
04G, =0 (4.7)

lfgu‘t:() = 0 and 8tgu|t:0 = 0,then G, = O forall t.

Step 5: Q-field sector. The scalar field equations (3.3) involve no additional constraints beyond the standard

Klein-Gordon evolution. o

Physical meaning: The constraints are preserved by time evolution. No gauge instability or constraint violation
develops.

5. Energy Estimate and Continuous Dependence

5.1 The Energy Functional

Define the total energy of the linearized perturbations:
1 -
Elt) = /E &'z 5(81&’7';”/) 8h,w +Z( (8:6Qr)° (V5Q1) + m, 5@;(52) +Z< (8,6¢.)% +

5.2 Positivity

**Theorem 5.1 (Energy Positivity).** *The energy functional (5.1) satisfies & (t) > 0, with & = 0 ifand
only if all perturbations vanish.*

Proof. Each term in the integrand is manifestly non-negative:

(0:h)? >0, (0;h)* >0V

(8:6Qr)* > 0,(VéQr)* > 0v

m%((SQ])Z > 0 because m% > 0 (Theorem 2.1) vV

M2b5¢a5¢b > 0 because Mgb has positive eigenvalues (Paper VIII, Stability Analysis §6) v

The integrand is a sum of non-negative terms, hence £ > 0. Equality holds iff every term vanishes, which

requires all perturbations and their derivatives to be zero. O

5.3 Energy Estimate

**Theorem 5.2 (Energy Bound).** *There exists a constant C' > 0 depending only on the coupling constants
such that:*

E(t) < £(0) e (5.2)

*forallt > 0.*

*Proof (sketch).* Differentiate £ (t) with respect to ¢:

(Wq



d€ - - - -
*_ / 3 [Buhyu 0Py + Oy Oiihy + .. ] (5.3)
Using the evolution equations (3.2)—(3.4), integrating by parts, and applying Cauchy-Schwarz:

= <Cew (5.4)

where C' depends on the coupling constants in L, and the source terms J7.

By Gronwall's inequality, (5.2) follows immediately. o

5.4 Interpretation
The energy estimate (5.2) guarantees:
¢ No finite-time blowup of linearized perturbations
+ Continuous dependence on initial data: if £(0) is small, £(t) remains controlled for finite time

o No exponential UV instability: the growth rate C' is bounded and set by physical coupling constants, not

by arbitrarily high momenta

This is precisely the third Hadamard condition and the key requirement that the PDE referee demands.

6. Ghost Freedom in the Quantum Theory

6.1 The Ghost Problem in Multi-Time Theories

In the full 6D theory before compactification, modes propagating in the temporal directions 12, Ts have kinetic

terms with the "wrong" sign relative to the observable time t. In a non-compactified theory, this would lead to:

¢ Negative-norm states (ghosts)
e Vacuum instability (the vacuum can decay into positive + negative energy pairs)

e Violation of unitarity

6.2 Ghost Projection Theorem

Theorem 6.1 (Ghost Projection [Paper XL]). Compactification on T? with periodic boundary conditions

projects out all ghost states, leaving a positive-definite physical Hilbert space.
Proof.

Step 1: Discretization. Periodic boundary conditions quantize compact momenta: kr, = 72 / Ry, kr, =

TL3/R3.

Step 2: Physical mode criterion. A 4D mode is physical iff:

2 2
M2, =mi-—2_D8 5 (6.1)
2,73 0 R% R%

For the Q-fields with ¢ = 0 (6D massless), only the zero mode (0, 0) survives as massless. For non-zero
modes, M? > 0 from Eq. (2.9).

Step 3: Finite tower. For any given 6D mass 1M, only finitely many pairs (ng, n3) satisfy (6.1). All others
are projected out.

Step 4: Positive-definite norm. In the physical sector, each mode ¢n2,n3 is a standard 4D scalar with canonical

kinetic term. The Fock space inner product satisfies:

(¢l¢) >0 V[¢) # 0 € Hpnys (6.2)

Step 5: Kinetic term verification. For each physical field, the 4D kinetic term coefficient is [Stability Analysis
§51:



Field Kinetic term Sign Ghost?

Q: —% (81Q2)2 + %(VQ2)2 Canonical No v
Q —3(8:Q3)° + 3(VQ3)° Canonical No v
3 3(0:Qs3 3 3 anonica o
@4 (radion) - % (8,04)% + %(V¢4)2 Canonical No v
¢s (radion) — % (8yp5)? + %(v¢5)2 Canonical No v
]_'l/w, (graviton) Correct sign from 7]44 = —1 [Paper XXII §5] Canonical No v/

Step 6: Screening sector. The higher-derivative screening term o< (DQ)2 is of Horndeski/Galileon type. By
the Horndeski theorem [16], equations of motion remain second order despite fourth-derivative Lagrangian

terms. No Ostrogradsky ghost arises. O

6.3 Unitarity
**Corollary 6.1 (Unitarity).** *The S-matrix on thys is unitary.*
*Proof.* The Hamiltonian is Hermitian on 'thys (positive-definite norm). Time evolution U(t) = e it

satisfies UTU = 1. The optical theorem 2Im M(i— 1) = Ef f dIls | M(i — £)|? holds in the
physical Hilbert space. o

6.4 The 6D Propagator
In momentum space [Paper XL §6.1]:

~ i

Go(P) = P 7 e (6.3)

where P? = pﬂp" — k?.z — k72_3 with the 6D signature. After KK reduction, each 4D mode has propagator:

~(n i
G\ (p) =

== 4
p* — M2+ ie (6.4)

Residue at the pole: +2 (positive). No negative-residue poles exist in the physical sector.

7. Connection to Established Stability Results

7.1 Oscillatory Stability (Paper XI)

The four-field dynamical system (Qz, Q3, X4, X5) has stability matrix M with eigenvalues i, satisfying
[Paper XI, Theorem 1]:

Re(u) >0 Vk=1,2,3,4 (7.1)

Proof method: Gershgorin circle theorem in weak coupling regime, verified numerically (Paper XI, Appendix
E).

*Physical consequence:* All perturbations of the compactification moduli oscillate with periods Tp = 30 yr,
T3 = 19 yr, without exponential growth. Hubble damping occurs on timescale Taamp = 2/(3Hp) ~ 1010
yr, allowing ~ 3 x 108 oscillation cycles before significant decay.

7.2 Chronology Protection (Paper X)
Three independent mechanisms prevent closed timelike curves:
1. Discrete structure: Mandatory At: > 0 evolution prevents backward traversal
2. Quantum decoherence: Tgec = Ly / ¢ matches geometric period; any CTC attempt decoheres before

completion

3. Thermodynamic arrow: Second Law enforced (Paper VII)

Energy required for CTC formation: Ecpc > 10%3 1 (1010 solar masses). Decoherence suppression for

macroscopic systems: e~ /T < 107100,

7.3 Moduli Stabilization (Paper VIII, Stability Analysis §6)

The effective potential V(L4, L5) has a stable minimum with:



. 0’V/OL: >0V
« OV/OL:>0v

+ det(Hessian) > 0 v

Numerical eigenvalues of the Hessian at the minimum: A, ~ 1.2 X 10748 ev2, A_ ~ 0.8 x 10 #8 ev2

(both positive).

7.4 Asymptotic Safety (NLO Two-Loop Analysis)

At the UV level, the Q-field theory flows to the Gaussian fixed point with:

¢ 2 relevant operators only (mass and coupling)

o Perturbativity: A(p) < 1 at all accessible scales v/

e Unitarity: tree-level bound A < 87 satisfied by enormous margin v/

2

o Causality: vy gnal

< ¢? from dispersion relation with screening v/

8. Summary: The Five Independent Proofs

We have established well-posedness of the 3D+3D physical sector through five independent and mutually

reinforcing arguments:

# Argument

Mathematical Content

Result

1 KK Reduction (§2)

Mszm > 0; 12,73 not free evolution

times

No tachyons, no free Cauchy data in t

2 Symmetric Hyperbolicity
§3)

A0 >0, A symmetric; Friedrichs

theorem

Well-posed IVP in 4D

3 Constraint Propagation

§4

Bianchi identity — (9,5(2” X Cu

Gauge consistency preserved

4 Energy Estimate (§5)

E(t) < E(O)eCt; all terms non-

negative

Continuous dependence; no UV blowup

5 Ghost Projection (§6)

$\langle\phi

\phi\rangle > 0$ in H p,y; Horndeski for

screening

Each proof alone is sufficient to defeat the multi-time criticism. Together, they form an impenetrable wall.

9. Conclusion

The classical objection to multi-time theories — that the Cauchy problem is ill-posed — applies only when the

extra temporal dimensions are treated as free evolution parameters admitting arbitrary initial data. The 3D+3D

framework fundamentally circumvents this by compactifying 12, T; on a flat torus T2, converting the ultra-

hyperbolic 6D wave equation into a countable family of standard 4D Klein-Gordon equations with positive

masses.

The resulting 4D effective theory is:

¢ Well-posed (symmetric hyperbolic, Friedrichs theorem)

¢ Constraint-consistent (Bianchi identity propagation)

¢ Energy-stable (positive-definite energy functional with Gronwall bound)

¢ Ghost-free (positive-definite Hilbert space, canonical kinetic terms)

¢ Moduli-stable (positive Hessian eigenvalues)

e Causally sound (no CTC, chronology protection from three independent mechanisms)

¢ UV-complete (asymptotic safety with 2 relevant operators)

The multi-time criticism has no teeth against a compactified theory. The 3D+3D framework is mathematically

as well-posed as any standard 4D field theory.
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